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Abstract 

We consider associative algebras over a field of characteristic zero. We give 
a version of the proof of the Kemer’s theorems concerning the Specht prob¬ 
lem solution It is proved that the ideal of graded identities of a 

finitely generated Pl-superalgebra coincides with the ideal of graded identities 
of some finite dimensional superalgebra. This implies that the ideal of poly¬ 
nomial identities of any (not necessary finitely generated) Pl-algebra coincides 
with the ideal of identities of the Grassmann envelope of a finite dimensional 
superalgebra, and is finitely generated as a T-ideal. 
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Introduction 

We present here one of the proofs of the Kemer’s theorems about Specht problem 
solution for associative Pl-algebras over a field of characteristic zero m- We give 
principally the proof of the fact that any finitely generated Z/2Z-graded Pl-algebra 
has the same graded identities as some finite dimensional Z/2Z-graded algebra. This 
result is the crucial and the most difficult step of the whole Kemer’s solution of the 
Specht problem. The proof represented here is the partial case of the proof of a 
similar result for algebras graded by a finite abelian group given by the author in 
[23] (the case G = Z/2Z). It is only slightly modified to extend the result from an 
algebraically closed base field (as it was considered in |23|) to any field of charac¬ 
teristic zero. Observe that the proof of generalised results in [23| is independent on 
the original Kemer’s proof. The unique essential reference to the Kemer’s results 
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in that paper served to obtain Lemma 1. This reference can be safely exchanged 
by the Lewin’s results m- Pl-representability of a non-graded finitely generated 
Pl-algebra can be also obtained as a partial case of [53] considering the trivial group 
G = {e}. 

The second step of the Kemer’s arguments is to prove that any Pl-algebra satisfies 
the same graded polynomial identities as the Grassmann envelope of some finitely 
generated Z/2Z-graded Pl-algebra. We refer the reader to the book [9] for the 
proof of this fact. The author also can prove this fact independently but assume 
that the proof represented in [9] is the most elegant, short and clear to understand 
for a reader. Thus the author thinks that there is no any need to repeat these 
arguments. These two theorems imply (see also m that any Pl-algebra satisfies the 
same polynomial (non-graded) identities as the Grassmann envelope of some finite 
dimensional Z/2Z-graded algebra. The positive solution of the Specht problem in 
the classical case follows from the last classification theorem immediately. 

Observe that besides the original proof of Aleksandr Kemer m -|16j. published 
later also in [12], there are several later versions of various authors including inter¬ 
pretations and generalisations. Therefore the author does not pretend on originality 
or some exclusive properties of this text. And she never would get an idea to rewrite 
the proof of the original Kemer’s results whenever some obvious misunderstandings 
appeared some time ago. This text is just one of the possible version of the proof 
as the author understood it generalising these results in [23]. Notice that this text 
is a little more detailed then the text published in [23]. Even here we omit some 
details and proofs that seems to us not very difficult to restore for a reader. But the 
author can assure possible readers that all the statements with omitted arguments 
were really checked. Moreover, even the text [23] is the restricted version of the 
original detailed author’s text. 

Throughout the paper we consider only associative algebras over a field of char¬ 
acteristic zero (not necessary unitary). Further they will be called algebras. 

Let E be a field of characteristic zero and F{X) the free associative algebra over 
F generated by a countable set X = {xi,X 2 ,...}. A T-ideal of F{X) is a bilateral 
ideal invariant under all endomorphisms of F{X). 

Let A be an associative algebra over F. A polynomial / = /(xi,..., Xn) G F{X) 
is called polynomial identity for A if /(oi,..., o^) = 0 for any ai,..., € A (/ = 0 

in A). Let us denote by Id(A) = {/ G E {X) | / = 0 in A} the ideal of all polynomial 
identities of A. If A satisfies a non-trivial polynomial identity then A is called 
PF algebra. It is well known, for example, that any finite dimensional algebra is 
PI ([ini ISl [2T]). The relation between T-ideals of F{X) and El-algebras is well 
understood: for any E-algebra A, Id(A) is a T-ideal of F{X), and any T- ideal I of 
F{X) is the ideal of identities of some E-algebra A, in particular, of the relatively 
free algebra of F{X)/L 

An algebra A is called Z/2Z-graded (or super-algebra) if A = Ag 0 Aj is the 
direct sum of its subspaces Aq,Aj where A^Ag C Aq^ holds for any 0,^ £ Z/2Z. 
An element o G A^ is called homogeneous in the Z/2Z-grading of the graded degree 
9, we also write degg^ a = 9 in this case. The homogeneous component Ag of the 
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Z/2Z-graded algebra A is called neutral (or even). 

A homomorphism of Z/2Z-graded algebras A, B (p : A —>■ B is graded if 99 (^ 0 ) C 
Bff for any 0 G Z/2Z. An ideal / < A of a graded algebra A is graded if and only 
if I is generated by homogeneous in the grading elements. In this case the quotient 
algebra A/1 is also Z/2Z-graded with the grading induced by the grading of A 
(degg a = degg a). 

Let us denote by Ai x • • • x Ap the direct product of algebras Ai,..., Ap, and by 
Ai 0 • • • © Ap C A the direct sum of subspaces Aj of an algebra A. We also denote 
by J(A) the Jacobson radical of A. Observe that in general all bases and dimensions 
of spaces and algebras are defined over the base field F unless otherwise indicated. 

We always assume that the set Ng (Ng = N|J{0}) is linearly ordered with the 
lexicographical order for any natural k. 

The most part of notions, definitions, facts and properties of polynomial identi¬ 
ties may be found in [5j, [3, [8], [9], [T^ . 

1 Free graded algebra. 

Let us denote by = {xi 0 \i G N, 0 G Z/2Z} a countable set of pairwise different 
elements. The algebra ^ = F{X'^^) is the free associative Z/2Z-graded algebra with 

the grading S' = 00gz/2z5'0, where Se = (iCqeiaJjjej • • • = 9i + 62 -\ -h Os)f- 

Since all the variables are pairwise distinct then any multihomogeneous polynomial 
is also a homogeneous element of S in the sense of the grading. An element Xig is 
called graded variables, and / G S a graded polynomial. 

Let / = f{xwi,- --Xudn) € F{X^^) be a non-trivial Z/2Z-graded polynomial. We 
say that a Z/2Z-graded algebra A satisfies the graded identity /(xi^j,... Xno^) = 0 
if /(aie^,... ane„) = 0 in A for any ai 0 ^ G Ao^. Denote by Id^^(A) < F{X’^'^) the 
ideal of Z/2Z-graded identities of A. Similar to the case of ordinary (non-graded) 
identities Id^^(A) is a two-side graded ideal of F{X’^'^) invariant under all graded 
endomorphisms of FiX^"^). Such ideals are called Z 2 T-ideals. It is clear that any 
Z 2 T-ideal I of FiX^"^) is the ideal of Z/2Z-graded identities of F{X'^‘^)II. 

Take a set S' C F{X^'^). Denote by Z 2 T[S] the Z 2 T-ideal generated by S. Then 
Z 2 T[S] contains exactly all graded identities which are consequences of polynomials 
of the set S. Z/2Z-graded algebras A and B are called Z 2 PI-equivalent (A B) 
if Id^^(A) = Id^^(iJ). Let T) be a Z 2 T-ideal. We write also f = g (mod T) for 
f,geF{X^^)iSf-geT. 

We consider only graded identities of Pl-superalgebras, i.e. the case when 
Id^^(A) D P for some nonzero ordinary T-ideal P < F{X). This holds iff the neutral 
component A^ is a Pl-algebra (Id^^(A) B /(x^g,... ,x„g) / 0) (see [6], and [T]). 

Observe that a finitely generated superalgebra always has a finite set of Z/2Z- 
homogeneous generators. We consider only homogeneous generating sets of super¬ 
algebras. 

Definition 1 Given a finitely generated superalgebra A and a finite homogeneous 
generating set K of A denote by grk(iL) the maximal number of elements of the 
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same graded degree in K. 

Then the homogeneous rank grk(yl) of A is the least grk(ir) for all finite homo¬ 
geneous generating sets K of A. 

Let = {xig\l < i < n; 6 € JjjTlh) be a finite set of graded variables and 
F{X'(;^) the free associative Z/2Z-graded algebra of the rank v, z/ G N. 

Let ^ be a finitely generated Z/2Z-graded algebra. Then the superalgebra 
Uu = F {A) F is the relatively free algebra of the rank v for 

A. Similarly to case of ordinary identities if z/ > grk(^) then Id^^(A) = 

Moreover the next remark takes place. 

Given a Z 2 T-ideal Ti C F{X'^'^) denote by Ti{F{X'^'^)) = {f{hi,... ,hn)\f G 
Ti,hi G F{X'^^), deg^j = deg^^ Xi,yi} ^ F{X'^^) the verbal ideal of the free asso¬ 
ciative Z/2Z-graded algebra of the rank v generated by all appropriate evaluations 
of elements of Li. 

Remark 1 1. f{xi,...,Xn)^U^^{F{X^'^)/{Tf]F{X^‘^)))ifandonlyif 

f{hi, ..., hn) G r for all homogeneous polynomials of appropriate graded de¬ 
grees hi,...,hn€ FiX^"^). 

2. Let A be a finitely generated associative TilTL-graded algebra, r 2 = ld^^{A) the 
ideal of its graded identities, and v > grk(^). Then Ti{F{X'f^'^)) C r 2 implies 
that Li C r 2 . 


It’s well known due to the linearization process and possibility to identify vari¬ 
ables in case of zero characteristic that any system of identities (ordinary or Z/2Z- 
graded) is equivalent to a system of multilinear identities. Thus in case of zero 
characteristic it is enough to consider only multilinear identities. 

2 Graded algebras. 

Let F be an algebraically closed field. Consider a finite dimensional T-superalgebra 
A = Aq 0 Aj. Then we have an analog of the Wedderburn-Maltsev decomposition 
for superalgebras. 

Lemma 1 Let F be an algebraically closed field. Any finite dimensional F-superal¬ 
gebra A is isomorphic as a superalgebra to an F-superalgebra of the form 


^' = (Cl X • • • X Cp) 0 J. (1) 

Where the Jacobson radical J = J{A') of A' is a graded ideal, B' = Ci x ■ ■ ■ x Cp 
is a maximal graded semisimple subalgebra of A!, p G N|J{0}. A 'LfTL-graded 
simple component Ci is one of the superalgebras (d matrix algebra with 

an elementary 'L/2'L-grading) or Mfcj(F[c]) (a matrix algebra over the group algebra 
of F[c\c^ = 1] with the grading induced by the natural grading of the group algebra). 
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Moreover A' = Span^{L>, [/}, where 
D = Ui<;<p Di, 

Di = {Eiiiji = £lEli^j^£l I 1 < ii,ji < Si }, 

Si = ki + mi if Cl = Mk^^ral (F); 

El £iEi-ij^ji^£i^ Eii^jj^c £i Eii^j^c I 1 ^ ii-iji — (2) 

si = ki,c^ = l if Cl = Mk,{F[c]y, 

U = {£iiU0£iii \ l' ,l" = 1,... ,p 1] 110 (z Jq = J n Aq, 6 G Z/2Z} (3) 

are the sets of homogeneous in the grading elements. Ei^j^ is the matrix unit. 
Elements of D are homogeneous with the grading defined by the next equalities 
deg 22 Eli^j^ =0 if I < iiji < k, or ki + 1 < iiji < ki+mi, and deg^^ Eli|^j^ = 1 oth¬ 
erwise in Cl = Mki,mi{E)-, degg^ Ehj^ = 0 , degg^ Ei^j^ -0=1 for all I < ii,ji < k 
in Cl = Mfcj(F[c]). The element £i is a minimal orthogonal central idempotent of B', 
homogeneous in the grading, that corresponds to the unit element ofCi (I = I,... ,p). 
Elements U 0 runs on the set of homogeneous basic elements of the Jacobson radical 
J = J{A) = Je;/', where £p+i is the adjoint idempotent. 

Proof. It is a classical result (see, e.g., [9] or m, [3] for a more general case) that 
a finite dimensional superalgebra A can be represented as B (B J, where J is the 
Jacobson radical of A, that is a graded ideal, and i? is a maximal Z/2Z-graded 
semisimple subalgebra of A. It is also well known that B = xf^iCi, where Ci are 
simple superalgebras. Ci is isomorphic either to a matrix superalgebra Mk^^m^{E) = 
Mki+miiF) with an elementary grading 


ki mi ki mi 



or to a matrix algebra over the group algebra (F[Z/2Z]) ~ Mk^{F[c\(P‘ = 1]) 
with the grading induced by the natural Z/2Z-grading of the group algebra {Ci)q = 
Mfc,(F), {Ci)i = Mk^{F)-c. 

Thus A' = B' (B J can be assumed our superalgebra. Any Z/2Z-simple compo¬ 
nent Cl of the semisimple graded subalgebra B' has the unit element of the even 
degree. It gives the minimal orthogonal central idempotent £i of the algebra B'. D 
is a homogeneous basis of B' . It is clear that any element r ^ J can be uniquely 
represented as a sum of elements of graded subspaces £iij£i/i, Z', Z" = 1,... ,p + 1. 
Moreover £ia = 0 (and a£i = 0) for any a G £i/J£i" with I V {I ^ I"), I = 1,... ,p. 
□ 

The next construction is useful to extend the previous result for any field of zero 
characteristic in some sense. 

Take a superalgebra B (not necessarily without unit). We denote by B^ = 
B (B F ■ Ip the superalgebra with the adjoint unit Ip. 
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Let us take a finite dimensional superalgebra A = B (B J{A) with a maximal 
Z/2Z-graded semisimple subalgebra B and the Jacobson radical J{A). Consider a 
Z/2Z-graded subalgebra B C B, and a positive integer number q. Consider the 
free product *f F{Xq^)'^, and define on it the Z/2Z-grading by the equalities 
degz 2 («i • • = (degz 2 ^i)^+ ••• + (deg^^Us), where Ui G B*^F{Xf^)* are 

homogeneous elements. Let B{X’^^) be the graded subalgebra of B"^ *f F{X'^^)'^ 
generated by the set B[j F{X^‘^). Denote by (X^^) the two-sided graded ideal of 
B{X'^^) generated by the set of variables X’^^. Particularly, it is clear that B{Xq^) = 
B(BiX^^). 

Given a Z 2 T-ideal L denote by T{B{X^^)) the two-sided graded verbal ideal of 
B{X^‘^) generated by results of all appropriate evaluations of polynomials from L. 
Take any s G N, and consider the quotient algebra 

7 ^,,,( 5 ,^) = B{X^^)/{r{B{Xf^)) + {Xfr)- ( 4 ) 

Denote also 7^g,,(T) = Id^^for r = B = B. 

Lemma 2 Take any natural numbers q, s and a Z 2 T-ideal T such that P C Id^^(yl). 
The algebra TZq^s{B.,T) is a finite dimensional superalgebra with the ideal of graded 
identities Id^^(7^q^s(iJ, P)) D P. Moreover TZq^s{B,T) = B (B JfilZq^s{BiT)). Here 
B is a maximal semisimple 'L/2'L-graded subalgebra of TZq^s{B,T), and B = B. 
The Jacobson radical ofTZq^s{B,T) is equal to {X^'^)/{T{B{X'^^)) + (X^^Y), and is 
nilpotent of degree less or equal to s. 

If gi'k(J(yl)), and s > nd(yl) then Id^^(7^q,s(yl)) = Id^^(yl). 

Proof. It is clear that I = T{B{X'^^)) + C and Bf\I = (0). / is a 

graded ideal of B{X^^). Hence TZq^s{B,T) = B{X^^)/I is a superalgebra. Then for 
the canonical homomorphism : B{X^‘^) —)■ TZq^s{B,T) we obtain B = Y>{B) = B. 
Hence Tlq^s{B,T) = B (B Y{{Xq^)), where Y{{X'^^)) = {X’^YII is the maximal 
nilpotent ideal of the algebra Tlq^s{B,T) of degree at most s. It is clear that [X^YII 
is Z/2Z-graded and hnite dimensional. Then TZq^siB,T) is also a finite dimensional 
algebra with the Jacobson radical J{IZq^s{B,r)) = Y{{X^^)). It is clear that T C 
Id^Y'B'qABX)) for any q,s€N. 

Let us take P = Id^^(H), B = B. Suppose that the Jacobson radical J{A) of 
the algebra A is generated as an algebra by the set {ri, ..., ri,}. Then we have 
D = where rie G J{A){^Ae {i = Consider the map 9? : 

Xi0 = Xi0 + I rig (i = 1 ,... , v). Assume that (p{b + I) = b for any 6 G H. If 
q > n, and s > nd(A) then 99 can be extended to a surjective graded homomorphism 
If : IZq^siA) A. Therefore P = Id^2(^) ^ Id^Yl^g,s(A}). □ 

Definition 2 F-algebra A is called representable if A can be embedded into some 
algebra C that is finite dimensional over an extension F D F of the base field F. 
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Lemma 3 If a 7^/2^-graded F-algebra A is representable then there exists a finite 
dimensional over F 7l27-graded F-algebra U such that = Id^^([/). 

Proof. Suppose that A is isomorphic to an P-subalgebra of a finite dimen¬ 
sional P-algebra B. We can assume that the extension F D F is algebraically 
closed, and B is Z/2Z-graded. Consider the algebra U = Uq (B C/j, where Ue = 
{FBe) F9 C B F[Z/2Z]. U is a finite dimensional Z/2Z-graded F-algebra. 
And Id^^(17) = Id^^(B) = Id^^(A). Let Cf = Ciq^Ch be a Z/2Z-simple component 
in the decomposition ([T]) of the algebra U. 

It is clear from the classification of simple superalgebras (see also Lemma [T|) 
that Cl contains a finite dimensional over F Z/2Z-graded simple P-subalgebra Ci = 
CiQ 0 Cii satisfying Cw = FCw for any 0 € Z/2Z {I = 1,... ,p). More precisely, 
Cl = if Cl = and Q = MkfiF[c]) if Q = MkfiF[c]). Moreover 

the algebras Ci and Ci have the same canonic homogeneous base of type ([2]) over F 
and F respectively. 

Let us take B = Ci x ■ ■ ■ x Cp, F = Id^^(A), q = dim^ J{U), s = nd(17). Then 
the F-algebra U = TZq^s{B,T) defined by dH is Z/2Z-graded finite dimensional over 
F. And = r = ld^^{U) (Le mma ED- □ 

Definition 3 We say that an F-finite dimensional superalgebra A' has an elemen¬ 
tary decomposition if it satisfies the assertion of Lemma [H 

It is clear that the direct product of superalgebras with elementary decomposition 
is the superalgebra with elementary decomposition. Also if F is algebraically closed 
then any finite dimensional T-superalgebra has an elementary decomposition. 

Corollary 4 Let F be a field of characteristic zero. Any finite dimensional F- 
superalgebra is 72PI-equivalent to a finite dimensional F-superalgebra with elemen¬ 
tary decomposition. 

Proof. A finite dimensional T-superalgebra A can be naturally embedded to the 
super algebra A = A F preserving graded identities. We assume here that 
deg^^ 0, ® ca = deg^ a, for all a E A, a E F. The superalgebra A is finite di¬ 
mensional over F. By Lemma [3] there exists a finite dimensional T-superalgebra A' 
with elementary decomposition such that Id^^(A') = Id^^(A) = Id^^(A). Where all 
identities are considered over the field F. □ 

Therefore considering graded identities of a finite dimensional superalgebra A we 
always can assume that A has a form ([1]), and a basis of A can be chosen in the set 
D U t/. Particularly, for multilinear graded polynomials it is enough to consider only 
evaluations by elements of the set D (J [/. Such evaluation of a multilinear graded 
polynomial is called elementary. Elements of the set D are called semisimple, and 
elements of the set U are radical. 

Definition 4 Let A = B (B J he a finite dimensional superalgebra, B = (Be£Z/ 2 zBd 
a maximal semisimple 7f27-graded subalgebra of A, and J{A) = J the Jacobson 
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radical of A. We denote hy A = (dim i?g, dim Bj), and hynd{A) the nilpotency 

degree of the radical J. Consider as principal the next parameter of A par^^ (^) = 
(dimszj^; nd(yl)). 

The A-tuple cpaii^{A) = {pai'^^{A);di\m. J{A)) is called complex parameter of A. 

A finite dimensional superalgebra A is nilpotent if and only if dims^j^ = (0,0). 
Recall that n-tuples of numbers are ordered lexicographically. Then for any nonzero 
graded two-side ideal I < A we have that cpaic^^{A/1) < cpai'^^{A). 

3 Kemer index. 

Let / = f{yi,... ,yk,xi,..., Xn) G be a polynomial linear in all variables of 

the set Y = {yi ,..., y^}. The polynomial / is alternating in Y, if 

fiVcril), ■■■, ya{k),Xl, ...,Xn) = {-lff{yi, . . . , yk, Xl, . . . , Xn) 
holds for any permutation a G Sym^. 

For any polynomial g{yi,... ,yk, xi,..., Xn) that is linear in T = {yi,..., yk}, it 
is possible to construct a polynomial alternating in Y by setting 

f{yi,...,yk,xi,...,Xn) =AY{g) = ^ (-l)'"y(y^(i),..., y^(fc), xi,..., x^). 

o-eSymj, 

The corresponding mapping Ay is a linear transformation, we called it the alterna¬ 
tor. Any polynomial / alternating in Y can be decomposed as / = «i“4y(uj), 

where UiS are monomials of /, a* G F. The properties of graded alternating polyno¬ 
mials are similar to that of non-graded polynomials. We consider only polynomials 
alternating in homogeneous sets of variables. 

Given a pair t = (^ 1 ,^ 2 ) £ Nq we say that a graded polynomial / G F{X'^^) 
has a collection of t-alternating graded variables (/ is ^alternating) if f{YQ,Yi,X) 
is linear in T = Tg U Lj, and / is alternating in each set Yq = {yw,... ,ytge} F X 0 , 
\Yg\=te, 0GZ/2Z. 

Definition 5 Fix any t = (igTl) ^ Suppose that ti,...,Ts G Nq are some 
(possibly different) pairs satisfying the conditions tj = {TjQ,Tji) >t = (tgi^i) for oil 
j = l,...,s. Let f G F{X'^^) be a multihomogeneous graded polynomial. Suppose 
that f = f{Yi ,..., X) has s collections of tj- alternating variables Yj = l^gUYj j 
(j = l,...,s), and fi collections of t-alternating variables Yj = T^g U Yjj (j = 
s + 1,..., s + fj,). We assume that all these sets are disjoint. Then we say that 
f is of the type (t;s;/i) = {ti,t 2 ', s; y,). Here Yjg C Xg with \Yjg\ = Tjg for any 
j = 1,... ,s, and \Yjg\ = tg for any j = s + 1,..., s + y. 

Observe that a multihomogeneous polynomial f of a type (t; s; y) is also of the 
type {t-,s';y') for all s' < s, and y' < y. Particularly, any nontrivial graded multi¬ 
linear polynomial of degree s has the type (0,0; s; y) for any y G Ng. 



Definition 6 Given a 'L 2 T-ideal T < F{X'^‘^) the parameter /3(r) = {tQ,ti) is the 
greatest lexicographie pair t = {tQ,ti) G Nq sueh that for any s € N there exists a 
graded polynomial f of the type (t; 0; s). 

The parameter /3(r) is well defined for any proper Z 2 T-ideal T < F{X'^^) of 
a finitely generated Z/2Z-graded Pl-algebra. In this case T contains the ordinary 
Capelli polynomial of some order d (HI])- Hence any graded polynomial / of the 
type (toTi;0;s) belongs to T if tg > d or > d. The next parameter is also well 
defined. 

Definition 7 Given a nonnegative integer pL let = s G N 6 e the smallest 

integer s > 0 such that any graded polynomial of the type (/3(r); s; fa) belongs to T. 

7 (r;/r) is a positive non-increasing function of fa. Let us denote the limit of this 

function by 7 (r) = lim 'y{T]fa) G N. Then u;(r) is the smallest number fa such that 
^—>•00 

7 (r;^) = 7 (r) for any fi>fi. 

Definition 8 We call by the Kemer index of a 7j2T-ideal T the lexicographically 
ordered collection indzalT) = (/3(r); 7 (r)). 

Notice that indz 2 (r) is greater than (0,0; 1) for any proper Z 2 T-ideal T. We assume 
also that iradz 2 {F{X'^'^)) = ( 0 , 0 ; 1 ). 

Let us denote ua{A) = a;(Id^^(H)), 'y{A;fa) = 7 (Id^^(H);/r), indz 2 (^) = 
indz 2 (Id^^ (H)) ^ finitely generated Pl-superalgebra A. 

It is clear that H is a nilpotent superalgebra of class s if and only if indz 2 (^) = 
(0,0; s). Particularly indz 2 (^) = P 8 ''^Z 2 (^) ^ nilpotent algebra A. In general case 

we have 

Lemma 5 indz 2 (^) — o-ny finite dimensional superalgebra A. 

Proof. Let us denote dimsz 2 ^ = (^O)^!)- Suppose that fdg > tg for some 9 = 0,1, 
and a multilinear polynomial / has the type (/^g,/3i;0;nd(H)). Then for any j = 
1 ,..., nd(H) all 0 -variables of the alternating set Yjg of / can not be evaluated only 
by semisimple elements with nonzero result. Therefore / G Id^^(H), and indz 2 (^) — 
Parz 2 (^)- ° 

Definition 9 Given a Z 2 T-ideal T, and any /r G Nq a multihomogeneous polynomial 
f G F{X'^^) is ealled fa-boundary for T iff ^ P, and f has the type (/3(r); 7 (r) —1;//). 

Let us denote by 5'^(r) the set of all fa-boundary polynomials for T. Denote also 
S^{A) = S^{ld^^{A)), K^{T) = Z2T[5^(r)], = K^{ld^^{A)) = Z2r[S^(H)]. 

Observe that if the Kemer index is well defined for a Z 2 T-ideal T then T has 
multilinear boundary polynomials for all /i G Nq. Moreover a polynomial / belongs 
to ^^(r) if and only if its full multilinearization / belongs to ^^(r). Definitions El 
[7] immediately imply the next basic properties of the Kemer index and boundary 
polynomials. 
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Lemma 6 Given Z 2 T-ideals Pi, r 2 admitting the Kemer index i/Pi C r 2 then 
indz 2 (ri) > indz 2 (r 2 )- 

Lemma 7 Consider Z 2 T-ideals P, Pi, ..., Pp admitting the Kemer index. Assume 
that indz 2 (Pi) < indgjlP) for all i = 1,... ,p. Then there exists /2 € No such that 

-S'p(P) C f| Pj for any p>fi. 

i=\ 

Proof. Let us denote = i/3i,'yi), 1 < i < p, indzjCP) = Assume 

that Pi < /3 for i = 1,..., p', and /3j = /3, 7 * < 7 for i = p' + 1,..., p (0 < p' < p). 

If P > Pi {1 < i < p') then there exists pi such that any polynomial of the type 

(/?; 0 ; Pi) belongs to Pj. If Pi = P and 7 * < 7 (i = p' + 1 ,..., p) then any polynomial 

p 

of the type (P^'jppi) belongs to P* for all pi > u{Ti). Thus ^^(P) C P| Pj for any 

i=l 

p > max{pi,... ,pp/,w(Pp/+i),... ,u;(Pp)}. □ 

Lemmas m [3 jointly give the next properties. 

Lemma 8 Given Z 2 T-ideals Pi, P 2 admitting the Kemer index indz 2 (Pi H P 2 ) = 
maxi=ip indz 2 (Pi)- 

Lemma 9 For all finitely generated PI-superalgebras Ai ind^jlAi x • • • x Ap) = 

max indz 2 (Aj). 
l<i<p 

Lemma 10 Given Z 2 T-ideals Pi, P 2 admitting the Kemer index, and satisfying 
Pi C P 2 one of the following alternatives takes place: 

1 . indz 2 (Pi) =mdz 2 (P 2 ), and Sp{r^) D Sp{T 2 ), iPp(Pi) D iPp(P 2 ) Vp G Nq; 

2 . indz 2 (Pi) > indz 2 (P 2 ), and ^^(Pi) C P 2 for some p G Nq. 

Moreover in the case Pi C P 2 the conditions indz 2 (Pi) > indz 2 (P 2 ) and S'p(Pi) C P 2 
are equivalent for some p G Nq. 

Proof. By LemmaElwe have that indz 2 (Pi) > indz 2 (P 2 )-The conditions indz 2 (Pi) = 
indz 2 (P 2 ) = (/3,7), Ti C P 2 imply that (Pi) D ^^(Pa), Kp{Ti) D Kp{T 2 ) 
Vp G No- 

If indz 2 (Pi) > indz 2 (P 2 ) then S'p(Pi) C P 2 holds for some p G Nq by Lemma 
[3 And visa versa if Pi C P 2 , and 5p(Pi) C P 2 for some p G Nq then 5 p(P 2 ) C 
<S'p(Pi) T P 2 gives a contradiction. Therefore in this case we obtain that indz 2 (Pi) > 

indz 2 (P 2 )- n 

Similarly the conditions indz 2 (Pi) = indz 2 (P 2 ) and S'^(Pi) D Sp{T 2 ) are also 
equivalent in the case Pi C P 2 . 

The last lemma has the following corollary. 
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Lemma 11 Given an integer € No and finitely generated PI-superalgebras Ai,..., Ap 
with the same Kemer index indz 2 (^i) = n for all i = 1,..., p it holds 

p p 

Sp{Ai x---xAp) = 5^(f| Id^^iAi)) = IJ SpiAi), 

i=l i=l 

= Kpif] U^HA)) = = j2K^A.- 

1=1 1=1 1=1 

Lemma 12 Given a Z 2 T-ideal F, and a non-positive integer /i € No we have that 
indzaCF) > indzjCF + iF^(r)). 

Proof. Since F C F + Kp{T) and S'^(F) C iF^(F) C F + iF^(F) then the assertion 
immediately follows from Lemma [TOl □ 

4 Z 2 PI-reduced algebras. 

Definition 10 A finite dimensional superalgebra A with elementary decomposition 

is Z 2 PI-reduced if there do not exist finite dimensional superalgebras Ai,..., Ap 

e 

with elementary decomposition such that n cpar^^(Ai) < 

i=l 

cparg^ (4) for all i = 1 ,... , g. 

It is clear that a nilpotent finite dimensional superalgebra A is Z 2 PI-reduced if 
and only if it has the minimal dimension among all nilpotent finite dimensional 
superalgebras satisfying the same graded identities as A. 

Lemma 13 Any simple finite dimensional superalgebra A with elementary decompo¬ 
sition is Z 2 PI-reduced, and indifiA) = par^^C^) = {tofii', 1) (i-e. I3{A) = dimszj^, 
and j{A) = nd(4) = 1). 

Proof. Suppose that dims^j^. = (tg, tj) - finite dimensional Z/2Z-graded simple 
algebra is semisimple, nd(^) = 1, and cparg 2 (^) = (dimsgj^; 1; 0). It follows from 
Lemma [5] that /3(4) < dims^j^ = Hence it is enough to construct a polyno¬ 

mial of the type (tg, tj; 0; s) that is not a graded identity of A for any s G N. Fix any 
natural number s. Since A has an elementary decomposition then A = Mk^m{P) or 
A = Mk{F[c]). 

Consider the case A = Mk^m{F) at first. In this case A has a homogeneous in 
the grading basis of the type {Eij\i,j = 1,... ,k + m}, where Eij are the matrix 
units. Consider s sets of {k-\-m)‘^ distinct graded variables Yd = {yd,{ij) £ = 

1,... ,k + m}. Here any graded variable yd,(ij) corresponds to the matrix unit Eij, 
and deggj yd,{ij) = deg^^ Eij in the superalgebra Mk,miF) {d = I,... ,s). 

Denote by Yd^ = {y € Yd\ degZ 2 y = 6 }. Then for any d we have that \Yd^e\ = 
tg = dim He, 9 G Z/2Z. Let us take also the set of graded variables Z = G 

1 deggj = degg^ Eij, i,j = l,...,k + m}. We assume that Z is disjoint with 
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Y = Ud=i ^d- We say that the variable connects the variables yd,{nji) and 

yd,{i 2 j 2 )- Let US consider for any fixed d the graded monomial Wd that is the product 
of all variables yd,{isjs) connected by variables 

yd,{ll)^(ll)yd,{12)^(21)yd,{l'i) ' ' ' yd,{iiji)^{jii2)yd,{i2j2)^{j2ii)yd,{iiji) 
yd,{k+m,k+m—l)^(k+rn—lk+rn)yd,(k+rnk+rn), {d 1 ; • • • ; 

s 

and the monomial W{Y,Z) = ■ (]^(tCd2:(fc+mi)))) • (5) 

d=l 

Then the polynomial f{Y, Z) = (^0^=1 o i)) ^is tj)-alternating 
in any set Yd = Y^ q U (d = 1,..., s). 

Notice that for any d and 9 the set Yd^e contains at most 1 variable yd,{ij) 
the same pair Consider the evaluation yd,{ij) = ^{ij) = Eij (*) of the 

polynomial /. Since the variables Z(^ij^ fix the positions for indices of the variables y 
then (*) gives a nonzero result 

/, =W| =Eu^O. (6) 

Similarly, we construct the polynomial f{Y,Z), and the corresponding nonzero 
evaluation for the case A = Mfc(T[c]). In this case A has a homogeneous in the grad¬ 
ing basis of the type {Eij,Eijc\i,j = 1,..., k}, where Eij are the matrix units, and c 
is the central element of A satisfying = 1. Here deg^^ — 0; ^-cid deg^^ = 1 
for all i,j = The set Yd = {yd,o,fo>dd.pfe) ^ = l,...,k} contains 

2/c^ graded variables. A graded variable ydfl,{ij) corresponds to the basic element 
Eij, and yd,l,(ij) corresponds to Eij ■ c, deg^^ = 9 {d = I,... ,s). Then 

Ydfi = {yd,e,{ij)\h3 = and \Ydfi\ = tg = dimAg = k^, 9 £ TLIZL. All 

connecting variables Z(ij\^ have even degree. In this case the variable connects 

variables yd,e,{hh) and yd,Unj 2 ) any 9,^£ Z/2Z. 

The graded monomial Wd,e is the product of all variables ydfi^isja) connected by 
variables Z(^ij^ for any fixed 9 € Z/2Z and d 

^d,9 yd,9,{ll)^{ll)yd,9,{12)^{21)yd,9,(13) ' ' ' 9d,9,(i-iji)^(j-ii2)yd,d,(i2j2)^(j2i3)y<^fi,(i^ji) 

■ ■ ■ yd,e,(kk-l)Z(k-lk)yd, 9 ,(kk), {d=l,...,S, 0 = 0,1). 

s 

Then the monomial IT(T, Z) = Z(ii) ■ {Yl{wdoZ(^ki)WdlZiki))) ■ (7) 

d=l 

Take the polynomial f{Y, Z) = (^O^i -4y^,o ' ^(^> ^)- is (io> *i)-al- 

ternating in any set Yg = U 0 GZ/ 2 Z ^d,9 (d = 1 ,..., s). 

For any d and 9 the set Yg^g contains at most 1 variable yd, 9 ,(ij) for the same pair 
{i,j) then the evaluation yd,Q,(ij) = Eij, yd,l,(ij) = EijC, z^ij) = Eij (*) of / gives a 
nonzero result 

/, =IT| =Eii.c'=V0. (8) 

!(*) !(*) 
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Notice that = c if A; is odd, and = 1 otherwise. 

In both of the cases / ^ Id^^(^), and this is the desired polynomial of the type 
(to,tj;0;s). Therefore (i{A) = dims^j^- By Lemma [S] the conditions dim J(T) = 0, 
and indzj (^) = par^^ (^) imply that A is Z 2 PI-reduced. □ 

Z 2 PI-rednced algebras exist and possess the next properties. 

Lemma 14 Given a ’L 2 PI-reduced algebra with the Wedderburn-Malcev decompo¬ 
sition (CP ^ = {Cl X • • • X Cp) (B J we have C'o-(i) JC'o-( 2 )’/• • • ^ 0 /or some 

a € Symp. 

Proof. Suppose that C„(^i-^JC^( 2 )J' ‘ ‘ JC„(^p^ = 0 for any a € Sym^. Consider the 
Z/2Z-graded subalgebras with elementary decomposition A^ = ( Cj) Q J(A) of 

i<i<P 

p 

the superalgebra A. Then we have ld^^{A) = Q Id^^(ylj), and dims^a^i < dimszj^ 

i=l 

for any i = 1,... ,p. This contradicts to the definition of Z 2 PI-reducible algebra. □ 
Particularly we have nd(^) > p for a Z 2 PI-reduced algebra A. 

Lemma 15 Any finite dimensional superalgebra is'L 2 PI-equivalent to a finite direct 
product of Z 2 PI-reduced algebras. 

Proof. By Lemma 0] any finite dimensional superalgebra is Z 2 PI-equivalent to 
a finite dimensional superalgebra A with elementary decomposition. If A is not 
Z 2 PI-reduced then it is Z 2 PI-equivalent to a finite direct product of finite dimen¬ 
sional elementary decomposed superalgebras with the complex parameters less than 
cpaii^^{A). We apply this process inductively to all multipliers. The set Ng with the 
lexicographical order satisfies the descending chain condition. Therefore this process 
of decomposition will stop after a finite number of steps. □ 

Lemma [l5] along with Lemmas fTOl fTTl implies 

Lemma 16 Any finite dimensional superalgebra A is 'L 2 PI-equivalent to a direct 
product 0{A) X y{A) of finite dimensional superalgebras with elementary decom¬ 
position satisfying indz 2 (^) = {A)). Moreover 0{A) = 

Ti X • • • x^p, where Ai are Z 2 PPi"educed superalgebras, and ind 22 (Tj) = indz 2 (^) 
all i = 1,..., p. There exists fi gNq such that Sp{A) = Sp{0{A)) = Uf=i Sp{Ai) C 
Id^^(T(^)) holds for any p>fi. 

Proof. Suppose that A is Z 2 PI-equivalent to a direct product Ti x • • • x Ap of 
Z 2 PI-reduced superalgebras. By Lemma [9] indz 2 (^) = maxi<i<p indz 2 (^i)- Assume 
that the Kemer index has the maximal value for Ai with i = . ,p. Then the 

superalgebras 0{A) = Ti x • • • x Ap, T(A) = ^p+i x ■ ■ ■ x Ap satisfy the assertion 
of the lemma. □ 

Definition 11 0{A) is called the senior part of A, T(A) is called the junior part 
of A. The algebras Ai (i = 1,..., p) are called the senior components of A. fi{A) is 
the minimal ^ € No satisfying the assertion of Lemma [23 
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The next lemma shows the relation between the Kemer index and the parameters 
of a Z 2 PTreduced snperalgebra. 

Lemma 17 Given a Z 2 PI-reduced superalgebra A we have I3{A) = dims^j^- 

Proof. For a nilpotent snperalgebra the assertion is trivial. Consider any non- 
nilpotent Z 2 PI-reduced algebra A with dims^j^ = Lemma[5]it is enough 

to find a polynomial of the type (tg, tj; 0; s) that is not a graded identity of A for any 
s € N. Assume that A has the elementary decomposition ([T|). For any I = 1, ... ,p 
consider the graded monomial of the type ([5]) or ([7]) constructing for 

the simple component Ci (see Lemma fT3]l . Z^-j) depends on the disjoint 

sets of graded variables Y(^i) = ULi(^(0,(d,o) ^ and \i,j = 

l,...,si}. Where Y(;) = {y{i)Xd,iij)) ^ I ^ < hJ < si; 1 < d < s} for Q = 
Mki,mi{F), and Y(,) = {y{i)^(^d,e,(ij)) G l<9 = 0,1; 1 < i,j < sp, 1 < d < 

s} for Cl = Mfc,(F[c]). We have that T(z),(d, 0 ) ^ Xg, Y^p = Uf=i ^(z),(d,0)> and 
degz 2 ^(Z),(ij) = deggj in Ci. It is clear that \Ydp\ = tg for any d = 
e € Z/2Z. 

Then the appropriate elementary evaluation of the word Wi{Y(^p, Zi) in Ci (see 
Lemma [T^ is equal to the non-zero element Emci, where q = 1 or q = c. By 
Lemma M we can assume that A contains an element eirie 2 • • • Ep-irp-iSp ^ 0, 

Si 

where ri £ J are some Z/2Z-homogeneous radical elements, and si = is 

h=l 

the unit of C; {I = 1,... ,p). Let us take p nontrivial graded polynomials 

_ Si 

^(l)) ('ll,Cl) (^) 

h=l 

depending on the additional set of graded variables = {5/(j^), gj) G \ 1 < 
ii < si;deg^^xi^(^ip = deg^^Eii^i, deg^^ = deg^^ Em^cp}. Notice that fi is 

not a multihomogeneous polynomial, although it is linear in Y(^p, and Zj-q. But fi is 
homogeneous in the grading of even degree, since any monomial xi^i^ipWiiYpip Z(^p) xp(^ii^ci) 
has even degree (it has the same Z/2Z-degree as in Ci). 

Then the polynomial 

f{x, Y, Z) = (/i®i/2^2 • • • Xp.ifp) (10) 

is linear in T (J Z = (Uf=i ^(Z)) U (Uf=i ^(i)) > alternating in any set Y^p C Xg, 

9 € Z/2Z, d = 1,..., s. It follows from Lemma [13] that the evaluation 

y{l),{d,{iiji)) ~ ^iFliijYh y(l),(dfl,{iiji)) ~ ^iFliijiEu 

y{l),{d,l,(Hjl)) ~ ^l{FliijiC)£i, ^(OYlJl) ~ 

Xp{il) ^lElipSp ^Z (.^Zlz/C/)£/, 

Xq — 

l<ipji<sp l = l,...,p; q = l,...,p-l; d = l,...,s, 
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of the polynomial f{X, Y, Z) is equal to £irie 2 ■ ■ ■ £p-irp-i£p / 0. 

Therefore we obtain / ^ Id^^(^). Hence at least one multihomogeneous com¬ 
ponent / of / also is not a graded identity of A. f is alternating in any set 
{0 G Z/2Z, d = 1,..., s). Thus / is the required polynomial. □ 

5 Exact polynomials. 

Definition 12 Given a finite dimensional superalgebra A with elementary deeom- 
position an elementary evaluation (oi,... ,an) G A^ (namely, a* G Z1|J [/ C H 
m) is called incomplete if there exists j = 1 ,... ,p such that 

{ai,...,a„}p|(CjU{e jU£i,eiuej\u € U, I = 1,... ,p + 1}) = 0. 

Otherwise (oi,... ,an) is called complete. 

Definition 13 An elementary evaluation (ai,... ,a„) G H"' is called thin if it con¬ 
tains less than nd(H) — 1 radical elements (not necessarily distinct). 

Definition 14 We say that a multilinear graded polynomial f{xi,... ,Xn) G F {X'^^) 
is exact for a finite dimensional superalgebra A with elementary decomposition if 
f{ai,..., On) = 0 holds in A for any thin or incomplete evaluation (ai,..., On) G A'^. 

Lemma 18 If A is a Z 2 PI-reduced superalgebra then any multilinear polynomial of 
the type (dims^j^i— 1;0) is exact for A. 

Proof. It is clear that a Z 2 PTreduced algebra either is not semisimple or is 
Z/2Z-simple. For a Z/2Z-graded simple finite dimensional algebra any multilin¬ 
ear graded polynomial can be assumed exact. A multilinear polynomial of the type 
(0,0;nd(A) — 1;0) has degree greater or equal to (nd(A) — 1). Hence it is assumed 
to be exact for a nilpotent algebra A. 

Suppose that A is not nilpotent, and / is a multilinear polynomial of the type 
(dimszj A; nd(A) — 1; 0). In a thin evaluation at least one of s = nd(A) — 1 collections 
of Tj-alternating variables of / will be completely replaced by semisimple elements. 
Since tj > dims^a A for any j = 1,..., s then the result of such evaluation will be 
zero. 

Any simple Z/2Z-graded component Ci of A (Lemma [I]) has the unit £i G Ciq. 
Hence dimi^Qg > 0 for any I = 1,... ,p. Therefore an incomplete evaluation can 
not contain all semisimple elements of the even degree from the base D ([5]). Taking 
into account the conditions Tj > dims^j A for any j = 1,..., s we obtain that at least 
two variables of every collection of Tj-alternating variables of / must be substituted 
by radical elements, otherwise the result of the substitution will be zero. Thus in 
any case the result of an incomplete evaluation of the polynomial / is zero. □ 

Lemma 19 Any nonzero Z 2 PI-reduced superalgebra A has an exact polynomial, that 
is not a graded identity of A. 
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Proof. For a nilpotent superalgebra A the assertion follows from Lemma [T 8 l Sup¬ 
pose that A is a non-nilpotent snperalgebra with the decomposition ([1]). Con¬ 
sider its subalgebras = ( 0 Cj) Q J(A}, i = 1,... ,p. Take q = dim^T’ J{A), 

i<i<p 

s = nd(A) — 1. Then by Lemma[2] ^ x • • • x x lZq^s{A) is a finite dimensional 
superalgebra with elementary decomposition satisfying Id^^(A) C Id^^(y4). Let 
{ri,..., Tq} C [/ be a homogeneous basis of J{A) ([2]), deg^^ = Gi (i = 1,..., q). 
Consider the map ip defined by the next equalities (p{xiej = r* for i = 1,..., g, and 
(p{b) = b for any b £ B. ip can be extended to a surjective graded homomorphism 
ip : B{Xq^) —)• A. It follows that any multilinear polynomial / G Id^^(7Zg^s(A)) 
is turned into zero under any thin substitution. It is also clear that any incom¬ 
plete substitution in a multilinear graded polynomial / G Id?'^{x\^-^Ai) yields zero. 
Therefore, any multilinear polynomial / G ld^^{A) is exact for A. Remark that 
cpax^^iAi) < cpar 22 (A) (1 < z < p)^and cpa.iz^{TZq^s{A)) < cpai’^^{A). Since A is 
Z 2 PI-rednced then ld^'^{A) ^ ld^^{A). Any multilinear graded polynomial / such 
that / G Id^^ {A ), and / ^ Id^^ (A) satisfies the assertion of the lemma. □ 

Lemma 20 Let A be a finite dimensional superalgebra with an elementary decom¬ 
position, h an exact polynomial for A, and d G A^ is any complete evaluation of 
h containing s = nd(A) — 1 radical elements. Then for any /x G No there exist a 
graded polynomial G Z 2 r[/i], and an elementary evaluation u of h^, by elements 
of A such that: 

1. hfj,{Yi ,..., Ts+p, X, Z) is Tj-alternating in any set Yj with Tj > fi = dims^jA 
for all j = 1,... ,s, and is fi-alternating in any Yj for j = s + 1,..., s p (all 
the sets Yj, X, Z are disjoint), 

2. hf,{u) = h{d), 

3. all the variables of X(jZ are replaced by semisimple elements. 

Proof. If h{d) = 0 then the assertion of lemma is trivial. It is sufficient to take any 
consequence hp(Yi,... ,Ls+/i) G Z 2 T[h] that is alternating in all Yj as required (we 
assume here that X(jZ = 0), and replace the variables of the alternating sets Yj 
by equal elements. Particularly, from conditions nd(A) = 1, p > 2 it follows that 
h{d) = 0 . 

Assume that h{d) 0. Consider the case nd(A) > 1 , p > 2 in the decomposition 
m of the snperalgebra A. We can assume for simplicity that the evaluation a has the 
form d = (eiriep/, ez^r 2 e 2 , • • •, Ep-WqCp, ,..., 6 i,..., bns), 

where I < /(, /(' < p -|- 1, { 1 ,... ,p} C {lg,l'f |1 < s < g} for some q<s, 7 ^ I” for 
any 1 < s < g. Namely, in a complete evaluation all minimal orthogonal idempotents 
ei,... ,£p appear in mixed radical elements (in elements of the type evriEi" G Lf (ED 
with I' 7 ^ I”). We assume that they appear in the first q mixed radical elements. 
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The last elements n — s of the evaluation a 6i,..., hn-s £ ([2|) are supposed to be 

semisimple, and the first s elements ei/^rgeiij £U (l3|) are radical. 

Let us take for any I = 1,... ,p the polynomial defined by Q in 

Lemma [m assuming s = s + p = nd(A)-l + //. Here Y(,) = U^ii(^(z),(rf,o)UT(,) j)), 

and Ydfi = Uf=i(% j)) (d = 1,... ,s+/i, 0 G Z/2Z). consider also anew 

set of graded variables ys G X'^'^ such that degg^ Vs = degg^ fs-, 1 < s < s. Let us 
denote 1^,0 = Ydfi Uldd} if deg^^ yd = d^and Yd,e = Ydfi otherwise d = 1,..., ^u + s). 

Then w^obtam fd = {Tdo,Tdi) = (|T'rf,oU^d,ll) > (l^d,oUd"rfj|) if d = 

Andrrf = (|Ld,oM^d,ll) = (l^d,oU^d,il) for any d = s+1,s+//. Here = 

dimszjA for any d. 

Denote by Trf = U ^d,i (d = 1 ,..., s + ^); X = (Uf=i ^z) • • • > a^n-s}; 

Z = Uf=i Yi- Consider the polynomials 
h'{Y, 

) ■ ■ ■) 

/p—1 (^(p—1)? ^(p—1)? ^{p—i))y(jfp ("^(p)’ ^(p)’ ■^(p)) ’ ^9+1; ■ ■ ■ 5 xi,..., Xfi—s ^, 

s+fl 

h^{Yu ..., Yg+^, X, Z) = (n _ Ay^_j) h'{Yi ,..., n+M, ^)- 

d=i 

The polynomial is linear in variables Y = U^ii Yd, arid r^-alternating in any Yd 
(d = 1,..., s + y). Although is not multilinear and is not multihomogeneous in 
general. 

Consider the following evaluation of the polynomial in the superalgebra A 


y{l),{d,(Hh)) = ^XlidYh 

Vs — 0,s = Ei'^rgEiij] 


y{l),{dfl,{iiji)) ^lEliijYh 

Xn' Q-n'+s ^n'1 


( 11 ) 


l = l<iz,jz<sz, 

d = l,...,s + /r; l<s<s; l<n'<n — s. 

The evaluations of the variables y, z, x, and x are defined as in Lemma flTl It is clear 
that (|lip is an elementary evaluation and satisfies the third claim of the lemma. 

Due to the evaluation of the variables z, x, and x, the polynomial fi can contain 
only elements of the simple component Ci or elements EirgSi, otherwise, we get 
zero. The second case will give us a thin evaluation of the polynomial h, thus, such 
summands are also zero. Therefore, the evaluation m of the polynomial gives 
the same result as this evaluation of the polynomial 


hififjl, ^2/2) • • • ■> fp—lljqfpi Vq+h ■ ■ ■ iljsi Xl, . . . , Xn—s)i 

where f[ = (Odii S™darly to arguments of Lemmas flTl fT^ we can 

see that the result of our evaluation of // is equal to Thus m for /i^ gives the 
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result /i(eirie;//, Si>^r2S2, •••, Ep-irgSp, ..., 6 i,..., 6 n- 5 ) = 

h{ai,... ,an)- Therefore /i^ is the desired polynomial. The evaluation (fTT]) can be 
taken as u. 

Consider the case nd(A) > 1, and p = 1. If eih{ai,..., Un) = 0 then among 
s radical elements of a there is a homogeneous in the grading radical element of 
the type e2r£i € e2J{A)ei, where 62 is the adjoint idempotent of A (since the 
substitution a is complete). We can suppose without loss of generality that oi = 
e2riei, and the first s = (nd( 74 ) — 1 ) elements of a are radical 02 = eii^r2£q, ...,05 = 
enrsEi'j G J{A), Un'+s = &n' G for n' = l,...,n — s. Then using the same 
arguments as in the previous case p > 2, assuming that p = 1, q = 1, Z(,Z"g{ 1 , 2 }, 
we can prove that the evaluation dill) of the polynomial 

S+M 

V = (n y2,---,ys,Xi,...,Xn-s^ 

d=l 

is equal to h{ai,... ,an)- 

If £ih{ai ,..., an) 7 ^ 0 then the similar arguments as in the case p > 2 show that 
the result of the evaluation (|lip of the polynomial 

S+fl 

V = '^yd-S) ■ h{yi,y2, ■ ■ ■ ,ys,xi, ... ,Xn-^ 

d=l 

is equal to ei/i(ai,...,a,i) = h{ai,... ,an)- Here variables ps can not take places 
inside /i with a nonzero result, since it will give a thin evaluation of h. 

In both of the last cases the polynomial and the corresponding evaluation 
possess all desired properties. 

The case p = 0 is trivial. In this case the superalgebra A is nilpotent, and 
dimszj^ = (0) 0). Since a multihomogeneous graded polynomial h is exact for A and 
is not a graded identity of A {h{a) / 0) then the full degree of h is (nd(H) — 1), and 
h has the type (0,0;nd(H) — l;/i) = (dimsc^; nd(H) — 1; p) for any p G Nq. Thus 
in this case hp = h, u = a. □ 

Lemma [ 20 ] has the following important corollaries. 

Lemma 21 Let A he a Z2PI-reduced algebra then indzjC^) = P^^Z 2 (^)' f 
exact polynomial for A, and f ^ Id^^(H) then Z 2 r[/] f) Sp{A) / 0 for any p G Nq. 

Proof. By Lemma [T9l A has an exact polynomial / ^ Id^^(H). / can be nonzero 
only for a complete evaluation containing exactly (nd(H) — 1 ) radical elements. 
Lemma [20] implies that / has a nontrivial consequence If ^ Id^^ (H) of the type 
(dimszj^; nd(H) — l;/i) for any p G Nq. By Lemma [T7I we have /3(H) = dims^jH. 
Then Definition |7| implies 7 (H) > nd(H) — 1. Taking into account that m-dj.^iA) < 
paV'^^{A) we obtain 7 (H) = nd(H). 

Moreover by Lemma [20| any exact for A polynomial / such that / ^ Id^^ (A) 
has a nontrivial consequence G Z 2 T[/] for any p G Nq. Where is /x-boundary 
polynomial for A. □ 

Lemma ETj along with Lemma [HI immediately implies 
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Lemma 22 Any multilinear ^-boundary polynomial for a 7j2PI-reduced algebra A 
is exact for A. 

Lemma 23 Given a Z2PI-reduced algebra A, and an integer /i € Nq let SA,fj. be 
any set of graded polynomials of the type { 13 (A)-,'y{A) — Then if a multilinear 

polynomial f G Z 2 T[ 5 ^^^] + Id^^(A) then f is exact for A. 

Proof. A multilinear graded polynomial / G Z2 T[S'a,/j] + Id^^(A) has the form 

f{xi,...,Xn) = ^ aij Vi-gj{hii,... ,hinj) ■ Wi + g{xi,... ,Xn), 

l<j<d2 

where hn,... ,hinj, Vi, wi G F{X'^^) are graded monomials, vi, Wi are possibly 
empty; gj{zji,..., zjn ) G F{X'^^) are full linearizations of some polynomials from 
the set Sa,Fi 9 is a multilinear graded identity of A; Oij G F. It is clear that the 
multilinear graded polynomials gj{zji,..., Zjn^) have the type { 13 (A)-, ^(A) — l;/i) 
(Vj = l,...,d2), and the graded monomials Vi ■ hii---hinj ■ Wi are multilinear 
and depends on the same variables xi,...,Xn as / for any i. Particularly, the 
monomials hn (x ^^, • • •, ), ..., (xa^ , • • •, ^^As ) are multilinear, here we have 

{di,..., ,..., Ai,..., -\sinj } ^ {!) • • •) ri}- 

Fix any i = 1 ,... di, j = 1 ,..., d2. Given an elementary evaluation (ai,..., On) of 
/ in A consider homogeneous elements of A, that are the evaluation of the monomials 
hii o,ii — l^ii (®( 5 i 5 • • • 5 )i ■ ■ ■ 1 ^irij — hirij (^Ai j • • • j )’ Then un is either a 

semisimple element of A or radical, and 

dim 7^/ 

Oii = ^ ^-1 heggj ttf, = degg^ o-u = di, \/ti; 

ti=i 

uti£Di^,yti, ni = B0^, or ut^ eU 1^, 'iti, ni = J{A)e^. 

Then the evaluation (oi,..., On) of gj{hii,..., hin^) yields 


dim Tti 

• • • ifi-inj) — 9j{ ^ ^ 

ti = l 


dim Tln^ 
inj=l 


9j{'d-ti ) • • • ) ). 


All evaluations (ut ^, • • •, ut„ ■) of the polynomials gj are elementary. The numbers 
of radical elements in (ut ^, • • •, ut ^,) is equal to the number of radical elements in 
(dii,... ,ainj) for alHi,..., tnj, and does not exceed the number of radical elements 
in the initial evaluation (ai,..., a„). Thus if (ai,..., a^) is a thin evaluation then 
(ut^,..., ut„.) is also thin for all G,..., . and i, j. 

3 ^ 
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( n ci)(B{ E £[! J{A)eiii) is a graded subalgebra of A for any k. There- 

i<i<p i<i',i"<p+i 

l^k I'jLk, V'^k 

fore, if {ai,... ,an) is incomplete then (oji,...,and {ut^,... ,ut„ ) are also 
incomplete. The last evaluations do not contain elements of Cfc Uje^re;, e;refc|r € 
U, 1 < Z < p + 1} if elements of this set does not appear in (ai,..., an)- 

A is Z 2 PI-reduced, and by Lemma YT\\ ind^',, (A) = paici^^{A). Thus gj is a multi¬ 
linear graded polynomial of the type {/3(A)-,'y{A) — l;/i) = (dimszj^; nd(^) — l;p), 
and by Lemma [l 8 ] gj is exact for A (for any j ). 

Thus for any thin or incomplete evaluation (ai,..., a„) we obtain 

■ ■ ■ lO-iuj) = 'y ^ ■ ■ ■ ^{il),t„j9j{'^hi ■ ■ ■ lUt^.) = 0 . 

Hence /(ai,..., an) = 0, and / is exact for A. □ 

Lemma 24 Let T be a proper Z 2 T-ideal, and A he a 'Z2PI-reduced algebra such that 
indzjCL) = indz 2 (^)- Suppose that a graded polynomial f satisfies the conditions 
f ^ Id^^(H), and f E Kfi(L) + Id^^(H) for some // E Nq. Then Z 2 r[/] H Sij,{A) 7 ^ 0 
holds for any /r E Nq. 

Proof. The full linearization / of some multihomogeneous component of / also 
satishes / E Kf^ifT) + Id^^(H), / ^ Id^^(H). Then by Lemma [231 f is exact for A. 
And by Lemma ET] we obtain that 0 (Z 2 T[/] f] 5^(A)) C {'L2T[f]f] Sfj,{A)) for 

any /i E Nq. □ 

6 Representable graded algebras. 

Let Rhe a commutative associative unitary T-algebra. Suppose that a Z/2Z-graded 
F-algebra A = Ag 0 Aj has a structure of i?-algebra satisfying RAq C Ag, V0 E 
Z/2Z. 

Definition 15 Any R-linear mapping tr : Ag —>■ i? is called trace on the TLjTL- 
graded R-algebra A. 

Observe that a trace on A is not necessary symmetric (not necessary satishes tr{ab) = 
tr{ba)). 

Denote by S the free associative commutative unitary algebra generated by 
all symbols tr(u) for nonempty associative noncommutative even monomials u E 
{F{X'^^))q over We say that FS{X'^^) = F{X'^^) S is free Z/2Z-graded 

algebra with trace. We assume that (/ 0 si)s 2 = S2{f 0 si) = / 0 (S 1 S 2 ) for all 
/ E F{X), si,S 2 E S. The Z/2Z-grading on FS{X'^^) is induced from F{X^^) 
(S is supposed to be trivially graded). Elements of FS{X^^) are called graded 
polynomials with trace. Elements of S are called pure trace polynomials. 
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We identify F{X^‘^) 1 with F{X'^^). The symbol 0 usually is omitted in 

the notation of graded polynomials with trace. The concept of degrees (homogene¬ 
ity in the sense of degree, multilinearity, alternating, etc.) of graded polynomials 
with trace or pure trace polynomials is defined in similar way to ordinary graded 
polynomials assuming deg^, tr(rt) = deg^, u for any x G 

The <S-linear function of trace tr : {FS{X'^^))e ^ 5 is defined on the iS-algebra 
FS{X'^^) by the formula tr(^^UiSi) = ^jtr(t(j)sj, where Ui € {F{X^^))e are 
monomials on X’^'^ of the even graded degree, Si G S. 

Let A be a Z/2Z-graded i?-algebra with trace, f{xi,... ,Xn) G FS{X^^) be a 
graded polynomial with trace. A satisfies the graded identity with trace / = 0 if 
/(ai,..., an) = 0 holds in A for any ai,..., G A. The ideal of graded identities 
with trace of A Sld^^(A) = {/ G FS{X^^)\ A satisfies / = 0} is Z/2Z-graded S- 
ideal of FS{X^^) closed under all graded endomorphisms of the algebra FS{X^'^), 
and preserving the trace. Sld^^{A) also satisfies the condition g ■ tr(/) G 
for any g G FS{X’^'^), and for any / G (Sld^^(74 ))q. Ideals of FS{X'^‘^) with these 
properties are called Z 2 TS-ideals. Given a Z 2 TS-ideal T, and polynomials with trace 
f-,g^ FS{X^^) we write f = g (mod T) if / — s' G T. Z 2 TS'[V] is the Z 2 TS-ideal 
generate by a set V C FS{X^'^). 

^ Let T^FS'(X^ 2 ^ bg a Z 2 TS-ideal of FS'(X^ 2 ^^ Denote by/ = Span^{tr(/)u|/G 
rQ,u G 5} ^ 5 the ideal of S generated by all elements of the form tr(/) for all 
polynomials with trace / G T of the even graded degree. Let 5 = <S// be the quotient 
algebra. Then the quotient algebra FS{X^‘^) = FS{X'^^)/T is Z/2Z-graded and has 
the well-defined structure of >S-algebra. 5-linear function tr : [FS{X^'^)/r)Q —>■ 5 is 
naturally defined by the equalities tr(a -|- T) = tr(a) -|- I for any a G {FS{X^^))q. 
The ideal of graded identities with trace of FS{X'^‘^) coincides with T. Moreover 
FS{X'^'^)/T is the relatively free Z/2Z-graded algebra with trace for the Z 2 TS-ideal 

f. 

We also can consider the free associative Z/2Z-graded algebra with trace FS(X^'^) 
and the relatively free Z/2Z-graded algebras with trace F S {X'^'^) j {T {\F S {X'^'^)) 
of a finite rank G N. 

Let us take a finite dimensional F-superalgebra A = B ® J with the Jacobson 
radical J = J{A), and the semisimple part B. Then the even component of the 
semisimple part Bq = BdAq is a finite dimensional subalgebra of A with dim^? Bq = 
to, where dims^jA = (to,ti). Since the left regular representation ‘X : Bq ^ Mt^{F) 
of Bq is injective then Bq is isomorphic to a subalgebra of the matrix algebra Mt^ (F). 

Therefore the trace tr : ^ F on A is well defined by the rule 

tr(a) = tr(6 + r) = Tr(T(6)), a G Aq, b G Fg, r G Jg, (12) 

where Tr is the usual trace of a linear operator. 

Lemma 25 A finite dimensional F-superalgebra A with the trace [TE) satisfies the 
'Z/2'Z-graded identity with trace tr(z)/ = f\xi:=zxi- Where f{xi,... ,xt^,Y) G 
FfiX^'^) is any graded polynomial (without trace) of the type (dims^j^, nd(j4) — 1,1), 
alternating in the set {xi, ..., x^} C Xq. Here tg = dimFg, z G Xq. 
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Proof. A polynomial / of the type (dimszj^, nd(A) — 1,1) is (dimsz 2 ^)-alternating 
in at least one set of graded variables. Suppose that {xi ,..., xjg} C Xq is the part of 
the even graded degree of this set. An elementary evaluation of variables of the set 
{z,xi,... of the polynomial g = tv{z)f — f\xi:=zxi must be semisimple. 
Moreover the set {xi,... ,xtg} must be exchanged by pairwise different semisimple 
elements of the basis A* dS]) of degree 0. Otherwise, we get zero. 

Suppose that z = b € in our evaluation. Consider a polynomial /(xi,..., xtg,...) 
that is alternating in a homogeneous set of variables of even degree {xi,..., xtg} C 
Xq. It can be directly checked (see also m, Theorem J]) that for an arbitrary linear 
operator ^ : Bq ^ Bq and for all pairwise distinct basic elements 6 i,..., 6 tg of Bq the 
equality Tr{A)f{bi,... ,bt-^,...) = /(il( 6 i ),... ,bt-^, ...) + ■■■ + f{bi,.. .,A{bt-J,...) 
holds in A, the replacement of other variables being arbitrary. Applying this ob¬ 
servation to the linear operator T( 6 ) of the left multiplication by the element b we 
complete the proof. □ 

Observe that in Lemma [25] it is enough to consider semisimple or radical evalu¬ 
ations of variables (not necessary elementary ones). 

Lemma 26 Let us take any /3 G Nq, 7 G N. Consider a graded polynomial without 
traee f{yi,...,yk) G F{X'^^) of the type (/ 3;7 - 1 ; 1 ), and a pure trace polyno¬ 
mial s{zi,... ,Zd) G 5 ({zi, ..., Zd) C j Then there exists a graded polynomial 
without trace gs{yi, ... ,yk, zi, ..., Zd) G F{X'^^) such that gg G Z 2 r[/], and any fi¬ 
nite dimensional superalgebra A with the parameters paxj^fiA) = (/ 3 ; 7 ) satisfies the 
graded identity with trace 

s{zi,...,Zd) ■ f{yi,...,yk) - gs{yi,...,yk,zi,...,Zd) = 0. 

Proof. If par'^^{A) = (/ 3 ; 7 ) then by Lemma [25] A satisfies the Z/2Z-graded trace 
identity tr( 2 ;)/(u;ixi, •^ 2 X 2 ,.. .,wt^xt^,Y) - {fizwiXi,W 2 X 2 ,.. .,wt^xt^,Y) 
f{wiXi,W 2 X 2 ,... ,zwt^xt^,Y)) = 0. Where Wi G {F{X^^)*)q are arbitrary (possibly 
empty) graded monomials {i = l,...,tQ), and f{xi,... ,xt^,Y) G F{X'^^) is any 
graded polynomial of the type (/3; 7 —1; 1), alternating in {xi,..., xtg} C Ag, z G Xq. 

Let us take any graded monomials Ui G {F{X^^))q {i = 1,... ,n), and any (pos¬ 
sibly empty) graded monomials Vj G {F{X’^^)'^)q {j = 1,... Aq). Then by induction 
on the number n G Nq of monomials Ui there exist a natural n, and graded monomials 
vije {F{X^^)*)q (possibly empty) such that tr(ui) ••• tr(u„)/(uixi,..., utgXtg, T) = 
l^r=i (mod Sld^^(A)). Moreover the monomials vij depend 

on the same variables as the monomial ui • • • UnVi ■ ■ ■ vt^. 

Hence for any pure trace polynomial ^(zi, ..., Zd) = Z](j) ''' tr(uj„) G 

<S the algebra A satisfies the identity 

s(zi, ...,Zd)- /(xi,... ,xtg,y) - gs{xi,.. .,xt-^,Y,zi,.. .,Zd) = 0. 

Where gg G Z 2 r[/] is some graded polynomial that does not depend on A. Here 
Uj G {F{zi ,..., Zd))o are monomials, ckq) G T. □ 
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Let A be a finite dimensional F-superalgebra with the semisimple part B = 
Bq (B Bi, and the Jacobson radical J = Jg © Ji- Let us denote dimSg = tg, 
dim Jg = qg for any 6 € Z/2Z. 

Given a number i/ € N take a set Ky = {\gij\9 G Z/2Z, l<j< tg+qg}. 

Consider the free commutative associative unitary algebra generated by Ky, 

and the associative algebra Vy{A) = FlAy]"^ ©p A. The algebra 'Py{A) has the 
structure of F[Aj,]#-module defined by a-f = f-a = f ■ {Yli fi®CLi) = Si(//i)®aj, 
for any /, fi € F[Ky\*, Ui € A, a = Yjifi®o,i^ Vy{A). 

The Z/2Z-grading on Vy{A) is induced from A assuming that F[A.y]^ is trivially 
graded. Define an F[Aj^]"^-linear map tr : {Vy{A))Q —>■ F[Ky\^ by the equalities 

*0 % A 

tr(a) = tr(^ fi © 6^5 + ^ fj © r^o) = '^fi Tr( 2 :(^io))- (13) 

i=l j=l i=l 

tr is well defined in Vy{A). Here 5jo ^ G'e ^ ('l(^))o) /*> fj ^ F'[Ay]'^. T is the 
left regular representation of Bq, and Tr is the usual trace. 

Lemma 27 Vy{A) satisfies the graded identity with trace = 0. Here 

Xt^{x) is the Cayley-Hamilton polynomial of the degree t^, x G Xg. 

Proof. The algebra Bq with the trace (jl2|] satisfies the identity with trace Xt^{x) ■ 
x = Q ([H], [20]). F[Ai,]'^ is commutative non-nilpotent algebra. ©i? (J(A))g 

is a nilpotent ideal of {Vy{A))Q of the degree nd(A). Hence the neutral component 
{Vy{A))Q = (F[Aj^]^ ©i? Bq) © (FlAy]"^ ©i? (J(A))g) satisfies the full linearization of 
the identity {Xt^ {x) ■ =0. □ 

Let {bgi,... ,bgtg} be a basis of the graded component Bg {6 G Z/2Z) of the 
semisimple part H of A, dimHe = tg. Also let {rgi,... ,fgqg} be a basis of the 
graded component Jg of the Jacobson radical J = J{A), dim Je = qg. Recall that 
for a superalgebra with elementary decomposition all these bases may be chosen in 
the set Dy]U ((|2|), (|3|), Lemma Hj). Take elements 

ts <le 

yoi = Xgij © bgj + Xgij^tg © G Vy^A), 9 G Z/2Z, 1 < i < n. (14) 
i=i i=i 

The elements ygi are Z/2Z-homogeneous of degree 9 (9 G 1 < i < 1 ^). Given 

a positive integer v consider the F-subalgebra Fy{A) = {yei\9 G Z/2Z, 1 < i < of 
Vy{A) generated by the set = {ygi\9 G Z/2Z, 1 < z < v}. Fy{A) is Z/2Z-graded. 
Any map (p of generators to arbitrary homogeneous elements agi G Ag {otgij G F) 

fie file 

ip: ygi agi = ^ agijbgj + ^ agij+tgrgj ^ Ag ( 6 » G Z/2Z, i = l,...,n) (15) 
i=i 1=1 

can be extended to the graded homomorphism of T-superalgebras ip : Fy{A) — >■ A, 
also inducing the graded homomorphism fi : Vy{A) —> A defined by the following 
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equalities 


■ ■ ■ ^dkikjk) ®) i^Sihji ■ ■ ■ ^Bkikjk) ' ® ^ (16) 

The homomorphism ^ preserves the trace defined by (|13l) on Vu{A) and by (I12p on 

A. 

Elements of J-u{A) are called quasi-polynomials in the variables Products 
of the generators y^i G of the algebra Ty{A) are called quasi-monomials. We 
have also {Fy{A)) 5 {Vy{A)) = Id^^(^) for any i/ G N. 

J-v{A) is a finitely generated Pl-algebra. By Shirshov’s height theorem [22] 
J-i/{A) has a finite height and a finite Shirshov’s basis. Shirshov’s basis of an algebra 
always can be chosen in the set of monomials over the generators m.m)- Thus we 
can suppose that a Shirshov’s basis of J^u{A) consists of homogeneous in the grading 
elements of Fu{A). More precisely, there exist a positive integer H, and homogeneous 
in the grading elements wi,... ,Wd G F^{A) such that any element u G Fy{A) has 
the form u = E(j)=(ii,..., 4 ) “W ^ {* 1 , • • •, 4 } C { 1 ,... ,d}, 

Cj G N, G T. 

Consider the polynomials Su = ti{wf) G F[A.y\^ (i = 1,... ,d, 1 = 1,... ,to). 
Then F = F[5ii \ 1 < i < d] 1 < ? < tg is the associative commutative non-graded 
F-subalgebra of F[Ky\^ with the unit generated by {Sj;}, and by the unit of F[Ky\^. 

Take the Z/2Z-graded F-subalgebra Tu{A) = FFy{A) of Vu{A). Then Fy{A) 
is a graded subalgebra of Tu{A). An arbitrary map of type (fTH]) can be uniquely 
extended to a graded homomorphism from Fu{A) to A preserving the traces (it is 
the restriction of (f defined by (fTBIl onto Tu{A) ). 

Since for any i = 1,... ,d we have wf G {Vu{A))q then it follows from Lemma 
M that all elements wf are algebraic of degree nd(A)(fQ -|- 1) over F. Therefore, 
by Shirshov’s height theorem, Tu{A) is finitely generated F-module, where F is 
Noetherian. By theorem of Beidar [4| the algebra Ty{A) is representable. 

Let V C F{X'^^) be a set of graded polynomials. We denote by V{Ty{A)) < 
Tu{A) the verbal ideal generated by results of all appropriate substitutions of Z/2Z- 
homogeneous elements of Ty{A) to any graded polynomial from V. 

Lemma 28 Given a set V C F{X'^^), and any G N the verbal ideal 

V{Ty{A)) = Span^l s • vif{ui,... ,Un)v2 | s G F; me Fy{A) are 
quasi-monomials; vi,V 2 G Fy{A)^ are quasi-monomials, possibly empty; 
f is the full linearization of a multihomogeneous component of any f eV} 

is a graded F-closed ideal ofTu{A). The quotient algebra Tu{A, V) = Ty{A)/V{Ty{A)) 
is a representable F-superalgebra. The ideal of graded identities ofTv{A, V) satisfies 
ld^^{Ty{A, P)) D r + Id ^2 (i?(xj2 )/(f n F(Xj2 ))), where T = Id^^A) + Z 2 r[P]. 

Proof. It is clear that in case of characteristic zero any verbal ideal of an algebra can 
be generated by the results of all appropriate substitutions to the full linearizations 
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of multihomogeneous components of polynomials from the given set. Particularly, 
V{Tu{A)) is generated by Z/2Z-homogeneous elements, and hence, this is a graded 
ideal. 

Any homogeneous element of 71/(A) has the form c = where € F, 

Ui € Fy{A) are quasi-monomials, deg 2 / 2 Z^i = degg/ 2 zc for all i. If / is a multi¬ 
linear graded polynomial then /(ci,...,Cn) = /(Xlq Siq-uiq,..., = 

X^{ii,...,i„)(nr=i®^h)/(^ih> • • ■ ^ UniJ for any homogeneous elements ci,..., G 7I/(A) 
Here ui^ € Fu{A) are quasi-monomials of appropriate graded degrees, su^ G F. We 
have also s-/(ci,...,c„) = /(s-ci,..., c^) = f{c[,...,Cn) G V{%{A)) foranys G F. 

Then the quotient algebra Tp{A, V) is Z/2Z-graded is an F-module. Tp{A, V) 
is finitely generated over F, as well as Tu{A), and is also representable. Tu{A) is a 
graded F-subalgebra of Vy{A). Therefore we have Id^^(Ti/(A, F)) 5 Id^^(7I/(A^) D 
Id^^(F,y(A)) = Id^^(A). It is clear also that V C (Tiy(A,V)), hence T = 
Id^^iA) +Z2T[V] C ld^^{Tn{A,V)). 

Let us denote the Z 2 T-ideals Ti = Id^^ [F{X^^)/{T n F{X^^))), and r 2 = 
Id^^(Ti/(A, F)). From the arguments above we have Ti^F(X^^)) C T C r 2 . Then for 
a multilinear graded polynomial /(xi,... ,Xn) G Ti, for any homogeneous elements 
Ui G Fu{A) (degg Ui = deg^Xj), and for any Sj G F we obtain 

/(siUi, . . . ,5nUn) = Si • ■■5nf{ui, . . . ,Un) ^ FTi{Fn{A)) C FT2{F^{A)) C V{%{A)), 

since grk(Fi/(A)) = u. Therefore / G r 2 , and Ti C r 2 . □ 

Definition 16 IFe say that a subset V C F{X'^'^) is multihomogeneous if for any 
/ G F F contains all multihomogeneous components of f. 

Lemma 29 Let A = Ai x • • • x Ap be the direct product of arbitrary finite dimen¬ 
sional superalgebras Ai,...,Ap. Suppose that V C F{X'^^) is a multihomogeneous 
set, and v is any positive integer. Let us take any f{zi,... ,Zn) G Id^^(Ti/(A, F)), 
and any homogeneous polynomials G F{X'^^) with deg^^ hi = deg^j-zz- 

Then the equality f{hi,... ,hn) = Ylj^j ' Ujifj{uji,... ,Ujn)vj2 (mod Sld^^(Ai)) 
holds for any i = 1,... ,p. Here fj are the full linearizations of some polynomials 
fj € V; Uji,Vji G FlfX^'^) are monomials, Vji may be empty; and Sj G S are pure 
trace graded polynomials in the variables Xf;^. 

Proof. Given a graded polynomial f{zi,...,Zn) G Id^^(Ti/(A, F)), and arbitrary 
homogeneous polynomials hi,... ,hn G F{X^^) of degrees according to variables of 
/, we have f{hi ,..., hn) G F {%{A)). Here the quasi-polynomial hi = hi{yi,..., y2u) 
is obtained by replacement of the variables x/ G X^^ by the corresponding elements 
Vl G dm). Since F is a multihomogeneous set then by Lemma [28] in the algebra 
Tu{A) we obtain the equality f{hi ,..., hn) = Ylj^j ' Ujifjiuji,... ,Ujn)vj2, where 
fj are the full linearizations of polynomials fj G F, Uji = Uji{yi,... ,ymv) G Fu{A) 
are quasi-monomials, 5j = 5j{yi,... ,ymu) G F are pure trace quasi-polynomials, 
Vji = Vji{yi,... ,ymu) G Fn{A) are also quasi-monomials, possibly empty. 
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An arbitrary graded map —)• Ai from the generating set (11411 of J-y (A) into 

any subalgebra Ai C A (i = 1,..., p) can be extended to the graded homomorphism 
ip : Tu{A) —)• Ai preserving the trace. Thus the equality 

f (/li, . . . , CL2v)t ■ ■ ■ 1 ) ■ ■ ■ ) ®2i/)) ^ ^ (fli, . . . , Oj2v) ' , Oj2v) ^ 

j 

fj (Uji (q.1 ) • • • ) 0‘2v)i • • • 1 '^jn (®1) • • • ) ®2i/)) ^j2 (®1) • • • ; ®2i^) b 

holds in Ai for any elements oi,..., a 2 u € Ai of appropriate graded degrees. There¬ 
fore 


f{hi{xi, . . .,X2u), ■ ■ ■,hn{xi, . . .,X2u)) “ '^5j{xi, . . . , X2u) ' Vji{xi, . . . , X2u) X 

j 

fj {Ujii^Xi , . . . , X2u)i ■ ■ ■ 1 '^jn{x\ 1 ■ ■ ■ 1 X2u)') Xj2{xi, . . . , X2u) — 0 

is a graded identity with trace of the algebra Ai, for any i = 1,..., p. □ 

Lemma 30 Suppose that Ai,... ,Ap are any Z 2 PI-reduced algebras with indzjC^i) = 
n for alii = l,...,p. Given a subset V C Uf=i (fox o.ny p > 1), and a 
positive integer v, there exists an F-finite dimensional superalgebra C^, such that 

Proof. Let us take A = Ai x • • • x Ap, and any E N. By Lemma [11] we 
have y]1=iSp{Ai) = ^^(A) for any p, hence V C Sp{A). Observe that a set of 
boundary polynomials is always multihomogeneous. Then for any f{zi,...,Zn) E 
Id^^(Tt/(A, V)), and any homogeneous polynomials hi,... ,hn E F{X'^^) of appro¬ 
priate graded degrees by Lemma [29| we have 

/(hi, ...,hn) = '^5jVjifj{uji,.. .,Ujn)vj 2 (mod V i = 1,... ,p. 

j 

Where fj E Z 2 T[ 1 /] are multilinear graded polynomials; Uji,Vji E F{X'^'^) are 
monomials, vji may be empty; Sj E S, Sj depends on X^^. 

Ai is a Z 2 PTreduced superalgebra, hence from Lemmas (211 [9] it follows that 
parG(Ai) = indG(Ai) = indG(A) = k = (/3; 7 ) ( Vi = 1,..., p). Any polynomial 
fj has the type (/ 3;7 — 1] p) (as the multilinearization of the polynomial fjGVC 
Sp{A)). Then by LemmalMlthere exists a graded traceless polynomial gj E Z 2 r[/j]n 
F{Xf;'^) C Z 2 r[P] such that Bj fj{vji,... ,Vjn) = gj (mod Sld^^(Aj)) 

for any i = 1,..., p. Therefore 

/(hi, ...,hn) = '^VjigjVj 2 (mod SId^=(Aj)) V i = 1,... ,p, 
j 

where g = Y(j 'OjigjVj 2 E Z 2 T[V] P| F{X^^). Hence we obtain that /(hi,..., hn)—g E 
Sl(f‘^Ai)nF{X^^) = ld^^{Ai)nF{X^^) for all i = 1,..., p. Thus /(hi,...,hn) E 
{ld^^{A)+Z 2 T[V])f]F{X^^), and / E Id^^ (^F{X^^)/{{Id^^ {A)+Z 2 T[V]) f] F{X^^))) . 
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By Lemma[28]we have also that /iy{l<^'^{A)+'L 2 T\y]){^F{X’f;‘^)")^ C 

(Tt/(^, F)). The superalgebra Ty{A^V) is representable. Hence by Lemma [3] 
there exists an T-hnite dimensional superalgebra Cy such that 

= lS‘^(F{X^^)/{{ld^^{A) + ’L2T[V])[^F{Xl^))). 

□ 


7 Graded identities of finitely generated Pl-algebras. 

Lemma 31 Let F be afield of characteristic 0. LetT be a non-trivial ideal of graded 
identities of a finitely generated associative PFsuperalgebra over F. Then there exists 
a finite dimensional associative F-superalgebra A satisfying the conditions Id^^ {A) C 
r, indz 2 (r) = indz 2 iA), and Sp,{0{A)) n L = 0 for some jd € Nq. 

Proof, r contains a non-trivial T-ideal L of ordinary non-graded identities of a 
finitely generated associative Pl-algebra. By [Ejr also contains the T-ideal of some 
finite dimensional non-graded algebra 6*“®. It is clear that A = C”® T[Z/2Z] 

is a finite dimensional superalgebra with a Z/2Z-grading induced by the natural 
grading of the group algebra F[Z/2Z], and Id^^(^) = Z 2 T[Id(C®®)]. Thus we have 
that T contains the ideal of graded identities Id^^(A) of some finite dimensional 
Z/2Z-graded algebra A. We assume by Lemma [16] that A = 0{A) x y{A) with 
the senior components Ai,..., Ap. It is clear that n = indzjCT) < ki = ind^aC^) 
(Lemma E]). If T C (Ai) for some i = 1,... ,p then ki = indz 2 (^«) = Thus, 
the case T C ld^^(0(^)) is trivial. 

Assume that T ^ Id^^(Aj) for alH = 1,..., pi (1 < pi < p), and T C Id^^(A"), 
where A” = A' = x^f^Ai. Consider the set V = Sp(A') n T for p = 

p(0(A)} (Definition fTTIl . Take n = grk(D) for a finitely generated Pl-superalgebra 
D such that P = Id^^(D). By Lemma (301 there exists a finite dimensional over F su¬ 
peralgebra such that Id^^(Cy) = Id^^ (F(X^^}/((Id^^(A') + Z 2 T[V])nF(X^^})). 

Then A = Cy x A” x y{A) is a finite dimensional superalgebra. For any 
f{xi, ..., Xn) € Id^^(A), and for any homogenous polynomials /ii,..., € F (Xy^) 

of the appropriate graded degrees we have /(hi,..., /i„) = h+g, where h G Id^^(A'), 
pern ld^^y{A)). Therefore h = /(/ii,...,h„) - g e Id^^A') n Id^^A") n 
Id^^(T’(A)) = Id^^(A) C P. Hen^ /(h-i,..., h„) = h + g ^ T for any hi,..., h„ G 
F{Xf;'^), and by Remark [1] Id^^(A) C T. Particularly indzj(A) > k. 

Suppose that A" 0. Then k\ = k = indz 2 (A). Thus either indz 2 (G) = k 
implying 0{A) = A"xO{Cy), or indz 2 (G) < k implying 0{A) = A". Since S^(A")n 
P = 0 then in the first case we use Lemmas EKISKini and conclude for any p > 
max{p(C'iy),/!} we have Sp{0{A)) nP = Sp{Cy) nP C Sp{A') nP C P C Id^^(Cj^). 
Thus, in both cases 5^(0(A)) n P = 0, and A satisfies the claims of the lemma. 

If A" = 0 then k < vcu^fiA) = max{indz 2 (C'i/), indz 2 (T(A))} < aci. If m.dz 2 {Cy) = 
Ki = indz 2 (A') then 0{A) = 0{Cy), and by analogy with previous case we apply 
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Lemmas Esiiini for any jjL > max{^(C[y), /2} and obtain Sfj_{0{A)) n L = 0. It also 
follows from Lemma [TOl that = indz 2 (r), and A is also the desired algebra. 

The last case A" = 0, indz 2 (C'i/) < gives A = C,j y. y{A) with Id^^(T) C L, 
and K < indzj (^) < ki = indzj (A) . Then by the inductive step on indzj (^) we can 
assume that the assertion of the lemma holds in this case. □ 

Lemma [31] with Lemma [101 implies the corollary. 

Lemma 32 Let F be a field of characteristic 0. Let T he a non-trivial ideal of graded 
identities of a finitely generated associative PI-superalgebra over F. Then T contains 
the ideal of graded identities of a finite dimensional associative F-superalgebra A 
satisfying ind^jCh) = indz 2 (^), some /i G Nq. 

Proof. Let us take a superalgebra A satisfying the claims of Lemma [STJ Lemma 
[To] implies that S^(T) for any /i G Nq. On the other hand indz 2 (r) = 

indifiA) = (/3;7). Consider an integer fi = Tn&y.{fi{A), fi}^ where fi is defined by 
Lemma EH and fi{A) is taken from Definition [TT] Then any polynomial / G Sf^{A) 
has the type (/3; 7 — 1; ft), and satisfies / ^ T (since / G S^{0{A))). Thus, / G <S'^(r). 
□ 

Theorem 1 Let F be a field of characteristic zero. For any finitely generated as¬ 
sociative Z/2Z-graded Pl-algebra D over F there exists a finite dimensional over F 
associative superalgebra C such that the Z 2 T-ideals of Z/2Z-graded identities of D 
and C coincide. 

Proof. Let T be the ideal of graded identities of D. We use the induction on the 
Kemer index indz 2 (r) = k = (/ 3 ; 7 ) of T. 

Inductive basis. If = (0,0; 7 ) then D is a nilpotent finitely generated 

F-superalgebra. Hence D is finite dimensional. 

Inductive hypothesis. Lemma EH and Lemma [32] imply T D Id^^(H), where 
A = 0{A)-\-y[A) is a finite dimensional superalgebra with indz 2 (r) = indz 2 (^) = 
Moreover, ^/^(r) = Sfi{0{A)) = Sfi{A) C Id^^(T(^)) for some fi G Nq. 

Let Ai,...,Ap be the senior components of the algebra A. Denote (toi^l) = 
/3(r) = dims 22^*5 t = to F H'l 1 — = nd(Hj) (for all i = 1,... ,p). Let us 

take for any i = 1 ,... ,/9 the algebra Ai = ^Zq^^s{^i) defined by ([ 1 |) for the senior 
component Ai with qi = dimi?Hj, s = (t + 1)(7 + fi). Ai is a finite dimensional 
superalgebra. Tj =J.d^'^{Ai) = Id^^(^), and dimsz 2 ^i = dimsz 2 ^i = fi- The 
Jacobson radical J{Ai) = of Ai is nilpotent of class at most s = (t + 

1)(7 + /2), where / = Ti{Bi{X^f)) + Here the algebra Bi can be considered 

as the semisimple part of Ai and of Ai simultaneously (Lemma E] Lemma [2T]i - 
Particularly, Ai are superalgebras with elementary decomposition. By Lemma EH] 
and LemmaE]there exists a finite dimensional F-superalgebra C such that Id^^ (C) = 
ld^^{Tu{A,T)), where A = v = grk(F). 

Let us denote = F{Xf;'^)/{{r + Kp(y'))fi\F{X'^'^)'). Lemmas [G] [12] imply 
that < indz 2 (r + Fr^(r)) < indz 2 (r). By the inductive step we obtain 
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= ld^^{U) for a finite dimensional over F snperalgebra U. Lemma [281 
yields r C X bf). 

Consider a multilinear polynomial f{xi,... ,Xd) € Id^^(C' x U). Let us take 
any multihomogeneous polynomials hi,... ,hci € F{X’^^) with deg^^ = degg^ Xi 
{i = 1,... , d). We have /(/ii,..., hj) = g + h iov some multihomogeneous graded 
polynomials <7 G L, h £ iL^(r). Then by Lemma [2^ we obtain h = f{hi,..., hd)—g £ 
<Sr + SId^^ {Ai) for any i = 1,..., p. Hence h{xi,..., Xn) £ <Sr + SId^^ (Hj) also holds 
for the multilinearization h of h. Lemma[23l implies that h is exact for Ai {h £ Kp(r)) 
for any i = 1,..., p. 

Let us fix any i = 1,..., p. Assume that {ci,... ,Cg.} is a basis of Ai of homo¬ 
geneous in the grading elements chosen in ([5|) , ([21) (Lemma [T|) , and fix the order 
of these basic elements. Suppose that d = (ri, ..., r^, 65+1,..., bn) is any elemen¬ 
tary complete evaluation of h by elements of the algebra Ai, where rj £ J{Ai), 
bj £ Bi, 5 = 7 — 1 . By Lemma [20] there exist a polynomial hpiYi,..., Yg+p, X,Z) £ 
5r -|- Sld^^(Aj) of the type (/3,7 — and an elementary evaluation u in Ai such 

that hp{u) = h{a). Moreover, hp is alternating in any Yj {j = 1,..., s + p), and all 
variables from A |J Z are exchanged by semisimple elements. Then we have 

s+p s+p 

oilhp = ~ (TT g j) (^j5j)(aiod Sid ^(Aj)), (17) 

d=l j d=l 

where U Y^i, ai £ F, ai ^ 0; gj £ T, 5j £ S. Denote {Ci,... ,Cri} the 

variables T |J A |J Z of (the first variables are from Y = Ud^i 

Given an element ui £ Ai of the mentioned above evaluation u of the polynomial 
hp defined by Lemma [20] we take the element = XT^g-jg^ -|- I of the algebra 

Ai. Here x^^g^g^ £ X^^ is a graded variable of graded degree 9i = deg^^ and 7r{l) 
is the ordinal number of the element ui = in our basis of Aj, 1 < tt( 1) < qi 
{1 < I < h). Consider the following evaluation of hp{(i,..., Cn) in the algebra Aj 

Cl ^7r(/)0; ^/i32 ^ Ji.Ai) if Cl G Y, III G 8AiS 1^2 
Ci=ui A (:i£X[jz. (18) 

Suppose that in (fT7|l the pure trace polynomial 5j depends essentially on Y. 
Then we get Sj||Ygj = 0, because the trace of a radical element is zero (fT^ . 

If 5j does not depend on Y then (Odii-^y^g ~ ^j9ji where gj = 

((nS-A?,, -^yjsi) e r, 17 , 1^3 7 ^ 0 in Aj then one of degree multihomo¬ 
geneous components of gj is a /1-boundary polynomial for Aj. And it is not a p- 
boundary polynomial for T, because it belongs to T. This implies that Sp{A) / 
Sp{r), which contradicts to the properties of A. Therefore, we have = 0. 
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Thus, in any case = 0 holds in the algebra Ai. Hence the evaluation 

Cl ^k-L^7v{l)0i^k2 Cl ^ ^ 1 ^l ^7v(l) ^ ^kiAiE]^2j 

Cl=vi = ui if Ci€X\JZ 

of the polynomial /i^ in the algebra is equal to hp_{vi,... ,Vn) € I = 

ri{Bi{X^^)) + {X^^y. Since |y| < s, the polynomial hjx is linear in Y, and the vari¬ 
ables from X(J Z are replaced by semisimple elements, then we obtain hfi{vi ,..., Vn) G 

ryByx^^)). 

Consider the map c^{i) {I = , I^D) and (p{b) = b for any b G Bi. 

It is clear that ip can be extended to a graded homomorphism ip : Bi{X^^) —>■ A^. 
Then (p{hp{vi,... ,Vn)) = hfi{ip{vi),.. .,ipivn)) = hp{u) = h{a) G (p{Ti{Bi{Xf^))) = 
Vi{Ai) = ( 0 ). _ 

Therefore h{a) = 0 holds in Ai for any elementary complete evaluation a G A^ 
containing 7 — 1 radical elements. Since h is a multihomogeneous exact polynomial 
for Ai, and 7 = nd(Tj) then h G Id^^(ylj). Hence h G = Id^^(0(H)), 

and h G Id^^(0(H) x T(^)) = Id^^(H) C T. Then we have /(hi,..., hd) = g + h gT 
for any multihomogeneous polynomials h\,...,hd G F{X^y of appropriate graded 
degrees. The application of Remark [1] now implies that Id^^(C' x U) CT. 

Therefore, T = Id^^(C x U). Theorem is proved. □ 

Observe that to be a Pl-algebra is an essential condition for a finitely generated 
superalgebra D in Theorem [H since a finite dimensional superalgebra is always a 
Pl-algebra. 

8 Specht problem. 

Let E = (e*, f G N| CjCj = —ejei, \/i,j) be the Grassmann algebra of infinite rank 
with the canonical Z/2Z-grading E = Eq® Ei (Eq and Ei are the subspaces of E 
generated by all monomials in the generators of even and odd lengths respectively). 
Consider for a superalgebra A = Aq® Ai the Grassmann envelope E{A) = Hg < 8 ) 
Eq®Ai®Ei. Observe that the algebra E{A) has the natural Z/2Z-grading E{A )0 = 
Ag ® Eg, Q G'LlZL. The next remark is obvious. 

Remark 2 If two PI-superalgebras A and B has the same LfTL-graded identities 
then they have also the same ordinary non-graded polynomial identities. The T-ideal 
Id(H) is the biggest T-ideal that is contained in Id^^(H). 

Lemma 33 (Remark 3.7.6, [9j) If two PI-superalgebras A and B have the same 
LfTL-graded identities then the algebras E(A), and E{B) have the same ordinary 
non-graded polynomial identities. 

Proof. This is a simple consequence of the fact that the Z 2 T-ideals of superalgebras 
A and E{A) related by some well understood invertible transformation (see, e.g.. 
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m, [E], i). This transformation is completely algorithmic. Particularly, if two 
superalgebras are Z 2 PTequivalent then their Grassmann envelopes are also Z 2 PI- 
equivalent. By Remark [2] the Grassmann envelopes of these superalgebras also have 
the same non-graded identities. □ 

Theorem 2 The T-ideal of polynomial identities of an associative Pl-algebra over a 
field of characteristic zero coincides with the T-ideal of identities of the Grassmann 
envelope of some finitely generated PI-superalgebra. 

Proof. See Theorem 4.8.2 [9]. □ 

Theorem [T] along with Theorem [21 and Lemma 1551 implies the principle Kemer’s 
classification theorem. 

Theorem 3 The T-ideal of polynomial identities of an associative Pl-algebra over a 
field of characteristic zero coincides with the T-ideal of identities of the Grassmann 
envelope of some finite dimensional superalgebra. 

Theorem [3] immediately implies the positive solution of the Specht problem. 

Theorem 4 (Theorem 2.4, [12j) The T-ideal of polynomial identities of an asso¬ 
ciative Pl-algebra over a field of characteristic zero is finitely generated as a T-ideal. 

Proof. Suppose that T is a T-ideal that is not finitely based. Then there exists 
an infinite sequence of multilinear polynomials ..., XnJjieN C T satisfying 

the conditions deg/i < deg fj for any i < j and fi ^ T[/i,...,/j_i] for any i € 
N. Consider the T-ideals Tj generated by all consequences of the polynomial fi of 
degrees strictly greater then n* = deg /* (i = 1, 2,...), and the T-ideal T = Tj. 
Then we have fi^T for any i € N. By Theorem [3] we obtain T = Id(i?(C')) for a 
finite dimensional superalgebra C. 

Lemma m implies E{C) = E{B) ® E{J), where B is the semisimple part of C, 
J is the Jacobson radical of C. Consider a polynomial fk from our sequence, such 
that deg/fc = Uk > nd(C'), and consider an evaluation in E{C) of fk of the type 
Xi = at = c^. (g) gs^, where C 5 . € Bs^ (j J 5 ., gs^ € Es^, <5* = 0,1 (f = 1,..., n^). If 
for any i = 1,..., the elements cs^ are radical then fk{ai,..., On^) = 0 in E(C), 
since Uk > nd(C). Suppose that = b^. (g) g^., where h^. € B^. for some 1. Then 
for any element go G Eq we obtain fk {..., ... )go = fk{- ■ ■, bs- (g) ( 95 . • go), ■■■) = 
fk{. • •, • (Is < 8 > 9o), ■■■) =0, since fk{xi,..., x^ ■ xq, ..., G T, xq G X, Ib is 
the unit of B. It implies fk{ai ,..., a^j.) = 0. Therefore fk G T, that contradicts to 
the choice of T. □ 
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